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Abstract
Large Gauge Transformations (LGT) are gauge transformations that do not vanish at in-
finity. Instead, they asymptotically approach arbitrary functions on the conformal sphere
at infinity. Recently, it was argued that the LGT should be treated as an infinite set of
global symmetries which are spontaneously broken by the vacuum. It was established that
in QED, the Ward identities of their induced symmetries are equivalent to the Soft Photon
Theorem. In this paper we study the implications of LGT on the S-matrix between physical
asymptotic states in massive QED. In appose to the naively free scattering states, physical
asymptotic states incorporate the long range electric field between asymptotic charged par-
ticles and were already constructed in 1970 by Kulish and Faddeev. We find that the LGT
charge is independent of the particles’ momenta and may be associated to the vacuum. The
soft theorem’s manifestation as a Ward identity turns out to be an outcome of not working
with the physical asymptotic states.
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1 Introduction
Recently, a new interpretation of Large Gauge Transformations (LGT) as global symmetries
of QED was put forward in a series of publications [1–8]. LGT symmetries are generated
by the U (1) gauge transformations that asymptotically approach an arbitrary function on
the conformal sphere at future (past) null infinity. The symmetry is spontaneously broken
by the vacuum. Its physical implication for the S-matrix between bare asymptotic states
was shown to be equivalent to the Soft Photon Theorem.1 Moreover, the idea that a new
conservation law admitted by such a global symmetry may have implication for the entropy
of black holes in GR was studied in [9].
Most of the study on the subject so far focused on the S-matrix between bare (undressed)
asymptotic states. However, scattering amplitudes in perturbative QED and gravity suffer
from infrared divergences. These well understood divergences arise from our inability to dis-
tinguish between a “hard” particle with or without “soft hair”.2 Hence, a physical asymptotic
state entering any scattering process is a super-position of the hard particle with all possible
soft hair arrangements. The way to construct the physical asymptotic states that yield an IR
safe S-matrix was put forward by Kulish and Faddeev [10]. In their construction, the dressed
incoming and outgoing states diagonalize the interacting asymptotic Hamiltonian. Once the
S-matrix of these dressed electrons is expanded in perturbation theory, the cancellation of
IR divergences is ensured by the existence of soft theorems.
1Soft theorems relate (linearly) the divergence of any scattering amplitude that has an external soft
particle to the scattering amplitude without that soft particle.
2In non-abelian theories there are also collinear IR divergences. As these are absent in QED (and also in
gravity) we will not discuss them here.
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The purpose of the current paper is to investigate the action of LGT on physical, i.e.
dressed, asymptotic states. We find that the LGT charge can be arbitrarily distributed
between the particles and the vacuum. In particular, it depends only on the particles’
electric charge and is independent of their momenta. To leading order in the soft limit, the
amplitude is not singular and the soft theorem becomes trivial. We leave the investigation
of sub-leading orders to future work.
The paper is organized as follows. In section 2 we start with a short review of the LGT,
continue to calculate the transformation properties of asymptotic “undressed” states, and
then, “dress” the asymptotic states. In section 3, we study the LGT of the vacuum inside a
physical scattering process. Finally, in section 4 we calculate the S-matrix between an incom-
ing state and the LGT of an outgoing state. We show that the LGT of the dressed particles
only depends on their electric charge. Specifically, it is independent of their momenta. We
end this section with a Wilson line intuitive picture explaining this effect.
While we were at the final stage of writing this paper, e-print [11] authored by Mirbabayia
and Porrati appeared which partly overlaps with the work presented here.
2 Review
In this section we review the essential background material and use it to establish our nota-
tions. We start with a definition of LGT in QED and then work out their action on a bare
(undressed) massive charged scalar particle.3 A reader familiar with the topic of LGT can
move directly to section 3.
We will mostly work in the retarded coordinates parametrization of flat four dimensional
space-time. These are convenient when discussing the isometries of future null infinity, where
future asymptotic photons are localized (see figure 2.1). The transformation between these
and the Cartesian coordinates is,
r2 = x21 + x
2
2 + x
2
3 , u = t− r , z =
x1 + ix2
r + x3
(1)
while the inverse coordinate transformation reads,
t = u+ r , x = r xˆz,z¯ ≡ r
1 + zz¯
(z + z¯, i (z¯ − z) , 1− zz¯) (2)
here, and throughout this paper, we use bold face letters to represent three-vectors. In these
coordinates the flat spacetime metric, ds2 = −dt2 + dx21 + dx22 + dx23, takes the form
ds2 = −du2 − 2du dr + 2r2γzz¯ dz dz¯ , where γzz¯ = 2
(1 + zz¯)2
(3)
is the metric on the projective plane.
3Though for simplification we consider a scalar particle, our method, and therefore results, translate
trivially to a spin half electron.
3
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Figure 2.1: a) A Penrose diagram of flat space where r′ and t are the radial and time
coordinates. In blue are lines of constant retarded time u, and in red are lines of constant
retarded r. b) The Rescaled Radial coordinates (ρ, τ) cover the patch t > r. In blue are
lines of constant τ and in red are lines of constant ρ.
Next, we discuss Large Gauge Transformations (LGT). These are the residual gauge
transformations allowed by the gauge choice. When working in Lorentz gauge, ∇µAµ = 0,
LGT are parametrized by a function satisfying the appropriate wave equation. Under such
transformations,
Aµ → Aµ + ∂µλ , where ∂µ∂µλ = 0 . (4)
If one demands that Aµ will vanish at spatial infinity then λ = 0 is the only solution. LGT
come about when we relax this condition (hence the name “Large”). More precisely, we
impose the following (looser) boundary conditions at null infinity4
lim
r→∞
Ar = O
(
r−2
)
, lim
r→∞
Au = O
(
r−1
)
, lim
r→∞
Az = O (1) (5)
and similarly at past null infinity. This enables LGT that approach an arbitrary function on
the conformal sphere,5
lim
r→∞
λ (u, r, z, z¯) = ε (z, z¯) +O
(
r−1
)
(6)
Under such transformations, the asymptotic value of the gauge field transforms as
A(∞)z/z¯ → A
(∞)
z/z¯ + ∂z/z¯ε (z, z¯) , where lim
r→∞
Az/z¯ ≡ A(∞)z/z¯ +O
(
r−1
)
. (7)
Correspondingly, the generator of the LGT at future null infinity Q+ε acts as[
A(∞)z/z¯ (u, z, z¯) , Q+ε
]
= −i∂z/z¯ ε (z, z¯) (8)
4Note that r →∞ at fixed u is future null infinity, see figure 2.1.
5Evidently, these are the same LGT as discussed in [1,2], where Radial gauge was chosen. The reason we
chose to work in a different gauge is that in Radial gauge the LGT do not have smooth continuation to all
spacetime. This makes the procedure utilized in section 2.2, which defines the transformation properties of
massive electrons, problematic (see [3]).
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Similar results can be obtained for the LGT at past null infinity. There is a one to one
antipodal map between the LGT of past and future null infinity. Thus, there are no additional
independent transformations in past null infinity. Although in this paper we treat future null
infinity exclusively, all of our results can be derived for past null infinity in the same exact
manner.6
2.1 LGT of a Photon
An asymptotic outgoing photon must reach future null infinity. Explicitly, the annihilation
operator of a photon can be written as (see Appendix A for a derivation and a similar relation
for the creation operator)
a+/− (k) =
4pii√
γzk z¯k
∫
du eiωkuA(∞)z/z¯ (u, zk, z¯k) (9)
where (+/−) are the two physical polarizations of the photon and zk = (k1 + ik2)/(|k|+ k3).
These can be chosen to be (expressed here in the (t, x1, x2, x3) coordinates)
µ− (k) =
1√
2
(zk, 1, i,−zk) and µ+ (k) =
1√
2
(z¯k, 1,−i,−z¯k) . (10)
This choice is the source of correlation between the polarization vectors and the z, z¯ com-
ponents of the gauge field. Using (8) and (80) we read the LGT of the outgoing photons
[
a+(k), Q
+
ε
]
=
8pi2√
γzk z¯k
δ (ωk) ∂zε (zk, z¯k) (11)
2.2 LGT of an Undressed Particle
Next, we study the transformation of an undressed charged massive particle. For the sake
of simplicity, we take this particle to be a scalar (it is apparent that a spin half electron will
transform in the same way). Unlike photons, massive particles do not reach null infinity.
Thus, it will be convenient to adopt a more suitable coordinate set. We consider the so
called “Rescaled Radial Coordinates” (RRC) (see [3] and figure 2.1)
τ ≡
√
t2 − r2 =
√
u2 + 2ur , ρ ≡ r√
t2 − r2 =
r√
u2 + 2ur
. (12)
The inverse coordinate transformation reads
u = τ
√
1 + ρ2 − ρ τ , r = ρ τ . (13)
In terms of the Rescaled Radial Coordinates τ and ρ, the flat space-time metric takes the
form
ds2 = −dτ 2 + τ 2
(
dρ2
1 + ρ2
+ ρ2γzz¯ dz dz¯
)
. (14)
6This choice has the advantage that particles propagate towards the specified direction at future null
infinity. As a result, some of the equations are more aesthetic. It has the disadvantage of working with Bra
states instead of Ket states.
5
These coordinates are engineered so that the large τ limit with ρ and xˆ fixed coincides
with the trajectory of a massive particle approaching future time-like infinity. It’s worth
mentioning that this coordinate system will fit particles of any mass, since the trajectory is
determined by |p|/m. In particular, these coordinates allow us to represent the state of the
outgoing massive particles on a late constant τ slice.
In this coordinate system, a Large Gauge Transformation is parametrized by a function
λ(τ, ρ, z, z¯) satisfying our Lorentz gauge condition
∂µ∂
µλ =
(
∆(ρ)
τ 2
− ∂2τ
)
λ = 0 , (15)
where
∆(ρ) ≡
(
1 + ρ2
)
∂2ρ +
1
ρ
(
2 + 3ρ2
)
∂ρ +
1
ρ2
(1 + zz¯)2 ∂z∂z¯ . (16)
As is evident from (13), the ρ→∞ boundary of any constant τ slice is the same u = 0 point
at future null infinity. Therefore, at large ρ the LGT function λ has to agree with ε (z, z¯),
which is independent of τ . To work out the LGT of a massive particle we need to consider
also the continuation of ε(z, z¯) to finite ρ at late times
lim
τ→∞
λ (τ, ρ, z, z¯) ≡ ε˜ (ρ, z, z¯) +O (τ−η) , (17)
where η > 0 and lim
ρ→∞
ε˜ (ρ, z, z¯) = ε (z, z¯). It follow from (15) that
∆(ρ)ε˜ (ρ, z, z¯) = 0 (18)
The solution for these equations has been worked out in [3]. It is given by an integral over
the conformal sphere at null-infinity of the Lienard-Wiechert electric field that is emitted by
a particle with relativistic speed β = ρ√
1+ρ2
xˆz,z¯ and sensed approaching time-like infinity.
Explicitly, we have
ε˜ (ρ, z, z¯) =
∫
d2w
4pi
γw,w¯ ε(w, w¯)(
ρ xˆz,z¯ · xˆw,w¯ −
√
1 + ρ2
)2 , (19)
where xˆz,z¯ is the unit three-vector parametrized by z as in (2) and the dot stands for scalar
product.
Now we may consider a canonically quantized (charged) scalar field
φ (x) =
∫
d3p
(2pi)3
1
2ωp
(
b (p) eip·x + d† (p) e−ip·x
)
(20)
Where b and d† are the particles’ annihilation and creation operators, and ω2p = p
2 + m2.
Using the RRC coordinates one can rewrite the phase factors as
x · p = τ
(
ρ xˆ · p− ωp
√
1 + ρ2
)
, (21)
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we see that at large τ (late times) the integral in (20) is dominated by a saddle point at
p∗ = mρ xˆ. Hence,
lim
τ→∞
φ (x) ∝ τ−3/2 [b (mρ xˆ) e−iτm + id† (mρ xˆ) eiτm] (22)
This is the analog of (80) for massive particles, where at large τ they come / go from a
unique direction in the sky.
Under gauge transformation, the charged scalar field transforms as φ (x) → eiλ(x)φ (x),
where for convenience we have set the electric charge to one, (e = 1). Correspondingly, the
annihilation operator transforms as
b (p) → eiε˜(|p|/m,zp,z¯p) b(p) . (23)
Finally, at large τ , the generator of the LGT acts as[
Q+ε , b (p)
]
= −b (p)
∫
d2z
4pi
γz,z¯ ε(z, z¯)m
2(
xˆ(z) · p−
√
m2 + p2
)2 . (24)
The same transformation rule holds for the spin 1/2 electron.
2.3 The LGT Generator
Next, we obtain an expression for the LGT generator. Generally, the generator of a gauge
transformation λ is the integral of the corresponding current over a fixed time slice
Q(λ) =
∫
fixed t
d3x j
(λ)
0 , where j
(λ)
µ = ∂
ν (Fνµλ) (25)
is the Noether current of the general gauge transformation characterized by λ. We can
integrate over the radial coordinate r′ = |x| to arrive at
Q(λ) = lim
r′→∞
∫
d2z r′2 γzz¯ Frt (r′, t, z, z¯)λ (26)
where we assumed that the transformation is regular at the origin, namely that lim
r→0, t fixed
(r2λ) =
0. Changing to null retarded coordinates, we can represent the charge at the u→ −∞ edge
of future null infinity, see figure 2.1. Specializing to LGT (6) then yields,
Q+ε =
∫
I+−
d2z r2 γzz¯ ε(z, z¯)F−ru (r, u, z, z¯) (27)
where
F (∓)rt (z, z¯) ≡ lim
u→∓∞
lim
r→∞
Frt (r, u, z, z¯) . (28)
Particularly, for a constant ε(z, z¯), the generator Q+ε coincides with the electric charge (the
generator of the standard global U(1) symmetry of QED). Utilizing integration by parts with
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respect to u, we represent Q+ε as a sum of an integral over future time-like infinity and of a
total derivative over future null infinity
Q+ε = lim
r→∞
∫
d2z r2 γzz¯ ε (z, z¯)
F (+)ru − ∫
I+
du ∂uFru
 (29)
Next, we use the bulk equation of motion,
jMu = ∂
νFνu = 1
r2γzz¯
(∂zFzu + ∂z¯Fz¯u)− ∂uFru = − ∂u
r2γzz¯
(∂zAz¯ + ∂z¯Az)− ∂uFru (30)
to simplify the second term of (29),
Q+ε =
∫
d2z ε (z, z¯)
[
γzz¯r
2F (+)ru +
∫
du ∂u
(
∂zA(∞)z¯ + ∂z¯A(∞)z
)]
, (31)
here, we used the fact that massive particles cannot reach null infinity and (hence jMu = 0
there). The first term in (31) is referred to as the “hard” part of the charge and the second
is referred to as the “soft” part.
2.4 Physical Asymptotic States
The construction of physical asymptotic states in QED has been put forward by Kulish
and Faddeev [10], following preceding papers by Chung [12] and Kibble [13]. More recent
outlook on the subject can be found in [14]. In this construction, the incoming and outgoing
states are dressed by a coherent cloud of photons, so that they diagonalize the interacting
asymptotic Hamiltonian.7
The eigenstates obtained by this method factorize to the bare “undressed” particle and a
soft “cloud” of photons
|Ψas〉 ≡ e−Rf Ψˆ|0〉 , (32)
where Ψˆ is an undressed creation operator from the naive Fock space. The soft photon
dressing factor e−Rf added at a late time t0 is given by
Rf ≡
∫
d3p ρˆ (p)
(2pi)3 2ωp
∫
d3k
(2pi)3 2ωk
[
f (k,p) · α(k) a†α (k)− f ? (k,p) · (−α)(k) aα (k)
]
. (33)
here, a repeated index α means a summation over the two polarizations α = + and α = −.
Additionally,8
ρˆ (p) ≡ b† (p) b (p)− d† (p) d (p) (34)
7This Hamiltonian includes, in particular, the slow decaying part of the Coulomb potential. As a re-
sult, unlike the bare S-matrix, the S-matrix between dressed states reduces through the semi-classical limit
smoothly.
8If there is more than one charged matter field the creation and annihilation operators should be indexed
appropriately.
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is the charged matter density operator. The function fµ (k,p) takes the following form [10]
fµ (k,p) ≡
(
pµ
k · p −
cµ
ωk
)
exp
(
i
k · p
ωp
t0
)
, (35)
where p is the charged matter on-shell four-momenta and k is the photon on-shell (null) four-
momenta. A dot between two four-vectors is a shorthand for their product (a · b = aµbµ).
Finally, the four vector c = c(k) is a k-dependent null four vector satisfying c · k = ωk. A
convenient parametrization of c is,
cµ =
ωk q(k)µ
k · q(k) , (36)
where q (k) is a k dependant projective null four vector. It is characterized by a map from
the sphere to itself w(z, z¯), as q = qww¯.
One may commute eRf through the annihilation operators, so that there remains a sep-
arate dressing for each electron,
〈0|b (p) eRf = 〈0|eRf (p)b (p) . (37)
Using the commutation relation [b (p) , ρˆ (p′)] = (2pi)3 2ωpδ3(p− p′) b (p), we have,
Rf (p) =
∫
d3k
(2pi)3 2ωk
[
f (k,p) · α(k) a†α (k)− f ? (k,p) · (−α)(k) aα (k)
]
. (38)
The new operator acts only on the photons Fock space. Working with the Rf (pi)’s instead
of Rf gives rise to an apparent freedom to assign different dressings for different particles.
Namely, we denote the c-vector in the dressing of the i’th particle by ci.
In [10], all asymptotic states where dressed with the same c-vector.9 The scattering of
such states with uniform c-vector is free of IR-divergences to all orders in perturbation theory.
On the other hand, IR divergences do not generally cancel out in scattering of dressed
states with different ci-vectors. A simple generalization of [12] shows that the interactions
between photons in different dressings will yield non-canceling IR divergent factors unless
the specific matrix element satisfies the condition∑
i∈incoming
qi ci(kˆ) =
∑
i∈outgoing
qi ci(kˆ) (39)
When all the ci’s are equal, (39) is trivially satisfied due to electric charge conservation.
However, one can easily construct different ci’s that satisfy (39).
In the following sections we will see that (39) is equivalent to the conservation of the
LGT charges. Amplitudes between states with different LGT charges, namely that violate
(39), are expected to vanish due to exponentiation of the IR divergences.
Before we may continue and investigate the LGT properties of dressed states, we must
address a small caveat in the way LGT in (31) are related to soft photons that is relevant
9The c-vector used in [10] is c0 = − 12 , ci = ki2ωk . It corresponds to q = (ωk,−~k) in (37).
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to our discussion. When analyzing the soft behavior of an amplitude, one should consider
the limit in which the energy of a photon approach zero ωk → 0. While a photon at strictly
zero energy and momentum is nothing, the zero energy limit of an amplitude (which is a
distribution) may be non-trivial. In accordance, when discussing LGT, one should implement
an IR cutoff and take the soft limit only after calculations are done (and the IR regulator is
removed). For example, one may employ a radial cutoff r < rIR and, at the end of the day,
take rIR →∞. However, here (and everywhere else as far as we know) we did not introduce
such an IR cutoff. In particular, A(∞) in (31) is evaluated at r → ∞. Doing so amounts to
treating photons of strictly zero energy as if they were physical particles. This introduces
a known annoying factor of two. It comes about because at zero energy there is no way
to distinguish between photons of opposite helicities, which engenders a double counting of
these states. To fix this problem we introduce a step function
Θ (ωk) ≡
{
1 ωk 6∈ δ? (0)
1/2 ωk ∈ δ? (0) (40)
where δ? (0) is a neighborhood of 0 much smaller than 1/t0, and rewrite the Kulish-Faddeev
dressing factor as if strictly zero energy photons were physical states
Rf =
∫
d3p ρˆ (p)
(2pi)3 2ωp
∫
d3k
(2pi)3 2ωk
Θ (ωk)
[
f (k,p) · α(k) a†α (k)− f ? (k,p) · (−α)(k) aα (k)
]
.
(41)
We leave a more proper treatment, utilizing an IR regulator, to the future.
In the following sections, we will incorporate all the ingredients reviewed above to com-
pute the LGT of the physical vacuum and of the physical dressed asymptotic states. In
accordance with the above, we will see that the LGT charge may be thought of as a measure
of the vacua on top of which we build our amplitude.
3 LGT of the Vacuum
When discussing LGT, the relaxed condition (5) allows one to choose a vacuum by deter-
mining the zero energy states that annihilate it. In this subsection we show that acting with
the generator of any LGT on the vacuum extended in the smooth fashion,[
lim
ω→0
a (ω · xˆ)
]
|0〉 = 0 , (42)
in the future or past gives a state that is orthogonal to any state constructed on the original
vacuum. Namely, we show that
〈0|Q+ε ΨˆouteRf S e−Rf Ψˆin|0〉 = 0 . (43)
We recall that the LGT generator in (31) is made out of two pieces. The so called soft piece
at future null infinity, and the hard piece at future infinity. When acting with the latter on
a massive charged particle, it measures the phase it acquires under the LGT. However, when
acting on the vacuum the hard part simply vanishes. The reason behind this is that photons
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can only go to (come from) null infinity and therefore cannot be annihilated (created) at
future infinity. Consequently, when acting on the vacuum, we need to consider only the soft
part of the LGT generator.
In order to avoid a more cumbersome presentation, we assume that ε (z, z¯) does not have
a pole at z = ∞. Including such a pole does not lead to any complications and does not
effect the result.
Using integration by parts with respect to z and z¯, the action of the generator (the soft
part) on the vacuum gives
〈0|Q+ε = −
∫
d2z
∫
du 〈0|
[
∂zε (z, z¯) ∂uA(∞)u,z¯ (z, z¯) + ∂z¯ε (z, z¯) ∂uA
(∞)
u,z (z, z¯)
]
. (44)
As the photon is massless, the gauge field at some direction of future null infinity can be
decomposed in creation and annihilation operators in that direction only. More explicitly,
we derive in appendix A10∫
du ∂uA(∞)z¯ (u, z, z¯) = − lim
ω→0
ω
√
γzz¯
8pi
[
a− (ωxˆz) + a
†
+ (ωxˆz)
]
, (46)
The subscript (±) stands for the two polarizations (10). A similar expression holds for
∂uA(∞)z (with the two polarizations interchanged). The limit ω → 0 indicates that these are
soft photons, hence the name “soft” part of Q+ε . Since the creation operators annihilate the
Bra vacuum, we remain with
〈0|Q+ε = lim
ω→0
ω
8pi
∫
d2z
√
γzz¯ 〈0| [∂zε (z, z¯) a− (ωxˆz) + ∂z¯ε (z, z¯) a+ (ωxˆz)] . (47)
Next, we demonstrate that scattering amplitudes between physical states with external
soft photons are finite. Ergo, due to the extra overall factor of ω in (47), matrix elements
from a state constructed on |0〉 to the state 〈0|Q+ε vanish in a physical scattering process.
Consider a scattering amplitude between physical asymptotic states with one external
soft photon
Mq soft ≡ lim
ωq→0
〈0|a− (q) ΨˆouteRf S e−Rf Ψˆin|0〉 (48)
where S = lim
T→∞
eiT H is the S-matrix and Rf is given in eq. 41. Here, Ψˆin/out are arbitrary
undressed states that may include photons with energy E > ωq only, and we used the fact
that Rf is anti-hermitian. Figure 3.1 shows all the ways to connect the external soft photon
to the amplitude. These are
1. A soft photon connecting to an external incoming or outgoing leg, see figure 3.1.a and
3.1.b. As a result of the soft theorem, these give rise to a ±epµi −µ
pνi qν
factor correspondingly.
10Note the factor of 1/2 arising from the convention that under an integration over R+ we have
∞∫
0
dωδ (ω) f (ω) ≡ 1
2
f (0) . (45)
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Figure 3.1: All the ways to connect an external soft photon to a Feynman diagram. In
(a)-(c) the soft photon connects to an external or internal leg. These are the traditional
soft contributions. In (d) and (e) the soft photon is connected to the “clouds” dressing the
asymptotic states.
2. A soft photon connecting to an internal propagator, figure 3.1.c. This yields a finite
result because it has no pole at the soft limit.
3. A soft photon connecting to the incoming or outgoing soft photon “cloud” e−Rf , see
figure (3.1).d and 3.1.e. Since any photon can be annihilated by an anti-photon of
the same momentum in the cloud, these yield a ∓∑i e(pi·−pi·q − ci(q)·−ωq ) e−i qpiωpi t0 factor
correspondingly. This is a contribution that emerges from the dressing and does not
appear in the usual soft theorem.
Summing over the diagrams and taking the soft limit results in
lim
ωq→0
ωqMq soft = lim
ωq→0
ωq
[ ∑
j∈out
pj · −
pj · q
(
1− ei
q·pj
ωpj
t0
)
−
∑
i∈in
pi · −
pi · q
(
1− ei
q·pi
ωpi
t0
)
(49)
+
∑
i∈outgoing
qi
ci(qˆ) · −
ωq
−
∑
i∈incoming
qi
ci(qˆ) · −
ωq
]
M ,
where
M≡ 〈0|ΨˆouteRf S e−Rf Ψˆin|0〉 (50)
is the amplitude without the soft photon and qi is the charge of the i’th particle. Consider
first the second line in (49). Since it is proportional to the condition (39) it contributes zero
to any finite amplitude. Next, we consider the contributions from connecting the soft photon
to the external legs and to the clouds. As ωr → 0, these two cancel each other causing this
expression to vanish. This cancellation is one of the novelties of the physical asymptotic
states of [10]. We conclude that as a result of the soft theorem
lim
ωq→0
ωqMq soft = 0 . (51)
Returning to the expression for 〈0|Q+ε in (47) we see that
〈0|Q+ε ΨˆouteRf S e−Rf Ψˆin|0〉 = 0 (52)
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for any two physical asymptotic states e−Rf Ψˆ|0〉.11
In conclusion, we see that the S-matrix between the vacuum |0〉 in (42) and the state
〈0|Q+ε vanishes. When working with undressed states is was established that the Ward
identity of the LGT symmetry yielded the Soft theorem [1–7]. Here we learn that it’s merely
an outcome of working with the wrong asymptotic states.12
Note that in the calculation made in this section we assume that the singular term in
the soft theorem does not change under renormalization, see [18] for discussion. We will not
attempt to address the question of whether this assumption is correct here. However, as
we have seen, the soft theorem and the Kulish-Faddeev dressing have the same form due to
their common origin. Hence, we expect that if one changes under renormalization, the other
will change as well, and in the same way.
4 LGT of Dressed Particles
We are now able to compute the LGT of a physical asymptotic state. We focus on a single
particle state carrying momentum p and dressed with the photon cloud (38). The action of
the LGT generator (31) on the dressed asymptotic state (37) decomposes to three pieces
〈0|e−Rf (p)b (p)Q+ε = 〈0|Q+ε e−Rf (p)b (p) + 〈0|e−Rf (p)[b (p) , Q+ε ] + 〈0|[e−Rf (p), Q+ε ]b (p) . (53)
The second term was calculated in subsection 2.2. For convenience we repeat the result (24)
here [
b (p) , Q+ε
]
= b (p)
∫
d2z
4pi
γz,z¯ ε(z, z¯)m
2(
xˆ(z) · p−
√
m2 + p2
)2 . (54)
The third and last term in (53) is the subject of this section. That is to say, we will now
compute the action of LGT on the Kulish-Faddeev dressing factor
[
Rf (p), Q
+
ε
]
=
∫
d3k Θ (ωk)
16pi3ωk
(
f (k,p) · α(k) [a†α (k) , Q+ε ]− f ? (k,p) · (−α)(k) [aα (k) , Q+ε ]) .
Using (11) for the action of Q+ε on the photon we arrive at
[
Rf (p), Q
+
ε
]
= −
∫ √
γzz¯ d
2z
4pi
(
pµ
p · kˆz,z¯
− cµ
)[
−µ (kˆz,z¯)∂zε (z, z¯) + 
+
µ (kˆz,z¯)∂z¯ε (z, z¯)
]
, (55)
where, according to our convention (see eq. (45)), the delta function yielded half the value
of the integrand at 0. Here, kˆz,z¯ ≡ (1, kˆz,z¯) is the null vector whose spatial component is
11In the first version of this paper we have falsely concluded from (52) that the state 〈0|Q+ε is null.
Generically, The operator Q+ε generates a transformation between different super-selection sectors of the
theory and hence, the state 〈0|Q+ε is non-trivial. We thank Thomas Dumitrescu and Burkhard Schwab for
pointing this out to us.
12The soft theorem and not the soft expansion is the one yielded by the LGT Ward identity, meaning that
the zero energy limit of the soft photons is taken first. See [18] for a discussion of the differences.
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a unit vector in the direction (z, z¯) and ± are the photon polarization vectors.13 Next, we
integrate by parts with respect to z and z¯ correspondingly. After some algebra one finds
that the two terms in (55) give the same result and hence, an overall factor of two
[
Rf (p), Q
+
ε
]
=
∫
d2z
4pi
(
γzz¯
p2
(p · kˆz,z¯)2
− C (z, z¯)
)
ε (z, z¯) , (56)
where,
C (z, z¯) =
[
∂z(c(kˆ) · −) + ∂z¯(c(kˆ) · +)
]
. (57)
Finally, we note that
p2
(p · kˆz,z¯)2
=
−m2(
p · kˆz,z¯ −
√
m2 + p2
)2 , (58)
which is proportional to the Lienard-Wiechert Field sensed approaching time-like future
infinity in the direction kˆz,z¯.
In conclusion, we see that the LGT of the bare particle and the p-dependent part of the
LGT of the dressing cloud exactly cancel each other. Hence, for the vacuum 〈0| defined in
(42), we may measure the LGT charge flowing between any two physical asymptotic states,
〈0|Ψˆoutas QεS Ψˆinas|0〉
〈0|Ψˆoutas SΨˆinas|0〉
= −
∑
i∈outgoing
qi
∫
d2z
4pi
Ci (z, z¯) ε (z, z¯) . (59)
We see that the value of the charge only depends on the choice of ci in the dressing (35)
through the relation (57). As a result, the preservation of this charge is exactly condition
(39). One may wonder if a more general conservation law exists. To answer that question,
we retrace the steps of [1–7] and seek a Ward identity for the LGT,
0 =〈0|Ψˆoutas [Qε, S] Ψˆinas|0〉= lim
ω→0
ω
(
〈0|a− (ωxˆ) Ψˆoutas S Ψˆinas|0〉+ 〈0|Ψˆoutas S Ψˆinas a†+ (ωxˆ) |0〉
)
= 2 lim
ω→0
ω 〈0|a− (ωxˆ) Ψˆoutas S Ψˆinas|0〉 , (60)
where we applied condition (39) and the preservation of electric charge. Also, in the last
step, we used the soft photon crossing symmetry. Expectedly, this reproduces the result of
the last section (52). Another perspective is achieved by considering the vacua which are
LGT eigenstates,
〈ΩΛ|Q+ε ≡
∫
d2z
4pi
Λ (z, z¯) ε (z, z¯) 〈ΩΛ| . (61)
They are related to the standard vacuum 〈0| (42) by
〈0| =
∫
D [Λ] e− 12Λ2〈ΩΛ| , where Λ2 =
∫
d2z
4pi
Λ2(z, z¯) . (62)
13The apparent correlation between the polarizations and the derivatives with respect to z and z¯ originate
from the choice of these vectors in (10).
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Now, physical asymptotic particles on top of the vacua 62 are eigenstates of the LGT charge,
〈ΩΛ|eRf (p)b (p)Q+ε = 〈ΩΛ|eRf (p)b (p)
1
4pi
∫
d2z (Λ (z, z¯)− C (z, z¯)) ε (z, z¯) , (63)
and the charge-scattering matrix commutation relation expectation value can be found ex-
plicitly,
0 =〈ΩΛ|Ψˆoutas [Qε, S] Ψˆinas|ΩΛ˜〉=
∫
d2z
4pi
(
Λ (z, z¯)− Λ˜ (z, z¯)
)
ε (z, z¯) 〈ΩΛ|Ψˆoutas S Ψˆinas|ΩΛ˜〉 . (64)
We have used the conservation of electric charge and condition (39) to cancel the C factor
in (63). Since this is true for any ε (z, z¯), the amplitude may be non-vanishing only if
Λ˜ (z, z¯) = Λ (z, z¯) . (65)
Note that since the amplitude 〈ΩΛ|Ψˆoutas S Ψˆinas|ΩΛ〉 is independent of the choice of Λ, the last
equation (65) simply means that the scattering starts and ends with the same vacuum.
Equations (64), (60) and (52) are the main results of this paper. They mean that LGT
charge that may be associated to the vacuum is conserved and independent of the particles
momenta. In the next section we use Wilson lines to explain why the dressing has this effect.
4.1 Wilson Lines Interpretation
In this section, we show that the soft part of the dressing operator Rf can be interpreted
as a continuous set of Wilson lines. These Wilson lines have the effect of transporting the
angular dependence of the LGT of any particle going to any direction in the sky, to a pattern
of points on the sphere, that is independent of the particle’s quantum numbers. This pattern
is given by Ci(z, z¯) in (57). In other words, it is determined by the choice of ci in the dressing
of the particle (35).14
We start with a spectral decomposition of the dressing operator
Rf (p) ≡
∫
dωk Rf (ωk, p) (66)
As we have seen in (11), only the soft part of Rf is relevant for the discussion of LGT. Hence,
we will focus on it
Rf (0, p) =
∫
d2z ωkγzz¯
16pi3
Θ (ω)
[
f (kz,z¯,p) · α(kz,z¯) a†α (kz,z¯)− f ? (kz,z¯,p) · (−α)(kz,z¯) aα (kz,z¯)
]∣∣∣∣
ωk=0
.
Plugging in the polarization vectors defined in (10) and using the expression for the anni-
hilation and creation operators in terms of the gauge field integrated at future null infinity
(see (9)), we find the simple expression
Rf (0, p) = −i
∫ √
γzz¯ d
2z
4pi2
(
pµ
p · kˆz,z¯
− cµ
)∫
du
(
−µA
(∞)
z + 
+
µA
(∞)
z¯
)
. (67)
14As noted before, since the ci part of the dressing commutes with the matter content and the rest of the
dressing, any asymptotic state with any choice of ci’s can be represented as a state for which all of the ci’s
of all of the particles are the same. The latter should be scattered on a vacuum rotated by their difference.
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Figure 4.1: On the conformal sphere, WL (w) emerges from the point parametrized by (w, w¯)
and reaches the south pole. For example, in this plot w = e−ipi/6.
Next, we use the relation 1
2pi
∂w¯
1
z−w = δ
2(w − z) and integration by parts to rewrite (67) as
Rf (0, p) =
i
8pi3
∫
d2w
(
γww¯ p
2
(p · kˆw,w¯)2
− C (w, w¯)
)∫
du
∫
d2z
(
A(∞)z
z¯ − w¯ +
A(∞)z¯
z − w
)
. (68)
In interpreting this expression, one should remember also the 1/2 factor that arises from the
convention set in eq. (45).
Finally, we rewrite the inmost integral as a sum of Wilson lines connecting the point
(w, w¯) to infinity∫
d2z
4pi
(
A(∞)z
z¯ − w¯ +
A(∞)z¯
z − w
)
=
∫
dθ
2pi
∫
drA(∞)r (u, re
iθ + w, re−iθ + w¯) , (69)
where we have changed variables to reiθ = z − w.
We see that for every angular direction θ around w there is a radial Wilson line going to
infinity as in figure 4.1. The Wilson lines emerging from each such point w carry a fraction of
the electron’s charge to w =∞. This fraction is nothing but the flux of the Lienard-Wiechert
electric field created by a particle with momentum p through the opening angle γww¯dwdw¯. In
addition, there are Wilson lines emerging from infinity in every angular direction θ towards
every point on the sphere, carrying a fraction of the electric charge parametrized by (57).
As a result, instead of having a complicated angular dependence, the LGT of any particle
is independent of its momentum and is fully determined by the C-weighed average value of
ε (z, z¯) on the sphere
1
4pi
∫
d2z C (z, z¯) ε (z, z¯) , (70)
16
see (63).
To summarize, we observe that one of the roles of the Kulish-Fadeev dressing factor is,
for any LGT, to “standardize” the dependence of all particles to one transformation rule.
The total effect of a LGT factorizes to a standard global U(1) transformation on asymptotic
particles and a rotation of the vacuum.
Conclusions
The global U(1) charge in QED is the generator of gauge transformations that approach a
non-zero constant at infinity. Large gauge transformations are generalization of the these
global transformation. Instead of admitting a constant at infinity, their value depends on
the direction on the celestial sphere. In this paper we have explicitly shown that physical
asymptotic charged particles transform under LGT in a way that does not depend on their
momenta. In other words, they transform independently of their asymptotic direction. This
is a result of a cancellation between the LGT of a bare charged asymptotic particle and (the
non-global part of) the LGT of the Kulish-Fadeev soft photon cloud dressing it. Moreover,
one may choose to assign the LGT charge of asymptotic particles to the vacuum, while the
particles are all neutral.
Scattering on top of different vacua are related by symmetry and, hence, are the same.
When working with undressed particles, the physical S-matrix implication of the spontaneous
broken symmetry is the Weinberg Soft Theorem. Here we have shown that this is merely an
outcome of working with non-physical asymptotic states. Once we consider the physical S-
matrix, the implication of the spontaneous broken symmetry becomes trivial to leading order
in the large volume limit. We leave the question of wether there are non trivial implications
at sub-leading orders for future study.
That said, LGT still have an important role in QED. For example, they are strongly
connected to Weinberg soft theorem. Also, they are a useful tool to parametrize memory
[15,16].15
Although in this paper we only focused on QED, we believe our result generalizes to the
BMS super-translation symmetry of gravity in asymptotically flat spacetime. Similar to the
physical QED states considered in this paper, physical asymptotic states were constructed for
gravity in [17]. This very interesting extension to BMS super-translations would corroborate
with [11] and is left for future work.
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A Asymptotic Field Expression
In this appendix we derive a simple expressions of the photon creation and annihilation
operators in terms of the gauge field at null infinity. Such simple relation only applies to
massless fields because their plan waves are completely localized on the conformal sphere at
null infinity.
We start with the fixed time expression for the canonically quantaized gauge field
Aµ =
∫
d3k
(2pi)3
1
2ωk
(
α?µ (k) a
I+
α (k) e
ikx + αµ (k) a
I+
α (k)
† e−ikx
)
, (71)
where the sum over the polarization index α is over the values α = +,−. Next, we decompose
the plane waves in terms of spherical waves as
eikx = 4pie−iω(u+r)
∞∑
l=0
iljl(ωr)
l∑
m=−l
Y ml (kˆ)Y
m∗
l (xˆ) (72)
and take the large r limit at a fixed retarded time u. In this limit the Bessel function in (72)
simplifies as
lim
x→∞
jl(x) = −
sin(pil
2
− x)
x
+O(1/x2) . (73)
Using the completion relation of spherical harmonics
∞∑
l=0
l∑
m=−l
Y ml (kˆ)Y
m?
l (xˆ) = δ
2(kˆ− xˆ) , (74)
where
δ2
(
xˆ− kˆ
)
≡ δ (cosθx − cosθk) δ (φx − φk) = δ2 (zx − zk) /γzk z¯k . (75)
we see that
lim
r→∞
eikx =
2pii
ωr
[
e−i(ω−i)(u+2r)δ2(xˆ + kˆ)− e−i(ω−i)uδ2(xˆ− kˆ)
]
. (76)
where we explicitly wrote the Feynman i prescription to determine the dominant contribu-
tion. By plugging (76) back into (71) we learn that
lim
r→∞
Aµ (r, u, xˆ) = − i
r
∞∫
0
dω
8pi2
(
α?µ (xˆ) aα (ωxˆ) e
−iωu − αµ (xˆ) a†α (ωxˆ) eiωu
)
. (77)
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In particular, for the z and z¯ components of the gauge field, Az = ∂zxµAµ we have
lim
r→∞
Az (r, u, xˆ) = −i√γzxˆz¯xˆ
∞∫
0
dω
8pi2
(
a+ (ωxˆ) e
−iωu − a†− (ωxˆ) eiωu
)
(78)
where xˆz,z¯ is a unit vector in the direction defined by the sphere coordinates z and z¯, see
(2). Inverting this relation, we arrive at
a+/− (k) =
4pii√
γzk z¯k
∫
du eiωkuA(∞)z/z¯ (u, zk, z¯k) , (79)
a†−/+ (k) =
−4pii√
γzk z¯k
∫
du e−iωkuA(∞)z/z¯ (u, zk, z¯k) , (80)
where ωk = +|k|.
B Memory Effect of Physical Asymptotic States
One of the important properties of physical asymptotic states is that the transition of their
quantum physics to the classical regime is smooth. In this appendix we show how the memory
effect manifests itself when working with these states. The reason we have chosen to present
this here is that, already at the classical theory, the memory effect may lead one to think
that the memory effect is contradictory to the results presented in these notes. As we explain
below, this is not the case.16
We consider the experiment described in [15], for which the measured memory operator
is (see equation (1.4) in [15]))
Ô (z, z¯) ≡ lim
r′→∞
− 1
γzz¯r′2
∫
dt ∂t (∂zAz¯ + ∂z¯Az) . (81)
Here, r′ is the Cartesian radial coordinate. It specifies an asymptotically large sphere, such
that the massive particles never reach it. The experiment considered in [15] only involves
the outgoing state. More generally, memory is an in-in (or out-out) Schwinger-Keldysh type
experiment. Accordingly, here we shall only focus on the outgoing state, and assume zero
initial charge. Since only massless particles reach the sphere at large r′, we can measure the
action of this operator on the outgoing states at future null infinity, where it takes the form
Ô (z, z¯) ≡ lim
r→∞
− 1
γzz¯r2
∫
du ∂u (∂zAz¯ + ∂z¯Az) . (82)
Using Gauss’ law, (81) can be written as (see equation (2.2) in [15]))
Ô (z, z¯) = −
∫
dt∂r′Er′ (z, z¯) , (83)
16We thank A. Zhiboedov for raising this question.
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where the time intgral is over the time when the detector was present, and Er′ is the radial
component of the electric field. Changing to retarded coordinates we see that
Ô (z, z¯) = −
∫
du (∂r − ∂u) (Er (z, z¯)− Eu (z, z¯)) = ∆Er (z, z¯) (84)
here, we used the fact that both Eu vanishes and Er ∝ O (r−2) at I +. As mentioned earlier,
in this experiment contributions to ∆Er are made by the out-going particles only, and the
initial charge is zero. Hence,
Ô (z, z¯) =
∑
i
E+r (qi; pi/m; z, z¯) , (85)
where E+r (q; p/m; z, z¯) is the radial component of the electric field at future null infinity
that was emitted by a particle with momentum p and charge q.
Next, we will obtain a quantum expression for the memory effect, and show that it’s
equal to the classical one. Using equation (46) and an integration by parts, the memory
operator can be expressed in terms of soft photon creation and annihilation operators
Ô (z, z¯) = − lim
ω→0
ω
8pi
∫
d2w
[
∂z¯δ
2 (w − z)√γw,w¯
(
a+ (ωxˆw,w¯) + a
†
− (ωxˆw,w¯)
)
+ h.c.
]
. (86)
For physical asymptotic states the memory operator takes the form
〈Ψ|eRf Ô (z, z¯) = 〈Ψ|
[
eRf , Ô (z, z¯)
]
+ 〈Ψ|Ô (z, z¯) eRf . (87)
When working with such particle states, the interaction of a soft photon with the bare
particles and with the dressing cloud cancel each other as shown in section 3. Therefore,
there is no soft pole, and due to the factor of ω in (86) we can set
〈Ψ|Ôz (z, z¯) eRf = 0 . (88)
that means that the memory operator depends only on the contribution of the dressing[
eRf , Ô (z, z¯)
]
=
∑
i
qi
8pi
[
∂z
(√
γz,z¯ f (pi, xˆz,z¯) · −
)
+ ∂z¯
(√
γz,z¯ f (pi, xˆz,z¯) · +
)]
eRf
=
∑
i
[
E+r (qi; pi/m; z, z¯)
]
eRf . (89)
here, we used the fact that for the suggested experiment the initial electric charge, and
hence the final electric charge, is 0. Thus, the measurement will be exactly the same as in
the classical limit.
One may regard the dressing factor as re-adding the asymptotic electric field to the
particle. As a result, the soft photon theorems becomes trivial,17 but the dressing (taking
the role of the quantum electric field) yields the memory.
17Here one should make a distinction between a soft photon theorem and a soft expansion in the sense
of [18].
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This memory operator, however, is not the aforementioned generator of LGT. In the
massive case, the latter reads (31)
Q+ε =
∫
d2z ε (z, z¯)
[
γzz¯ r
2F (+)ru +
∫
du ∂u
(
∂zA(∞)z¯ + ∂z¯A(∞)z
)]
. (90)
While Q+ε is a conserved charge for any ε, it’s action on the matter operators is trivial in the
sense discussed in the main text, (it can be thought of as the constraint that picks out the
dressed states).
In summary, the memory effect does not change when working with physical asymptotic
states. Furthermore, the measured “memory” is only the “soft” part of the LGT generator
Q+ε (in the notation of (31)). When calculating the LGT charge, the soft part, which may
be non-trivial, is canceled out by the “hard” part.
The memory measurement for states with nonzero total electric charge is less straight-
forward. Combined with measurement of the outgoing particles, it may supply us with a
measurement of the underlying vacuum.
References
[1] T. He, P. Mitra, A. P. Porfyriadis and A. Strominger, “New Symmetries of Massless
QED,” JHEP 1410, 112 (2014) doi:10.1007/JHEP10(2014)112 [arXiv:1407.3789 [hep-
th]].
[2] D. Kapec, M. Pate and A. Strominger, “New Symmetries of QED,” arXiv:1506.02906
[hep-th].
[3] M. Campiglia and A. Laddha,“Asymptotic symmetries of QED and Weinberg’s soft pho-
ton theorem,”JHEP 1507, 115 (2015) doi:10.1007/JHEP07(2015)115 [arXiv:1505.05346
[hep-th]].
[4] T. He, P. Mitra and A. Strominger, “2D Kac-Moody Symmetry of 4D Yang-Mills The-
ory,” arXiv:1503.02663 [hep-th].
[5] A. Strominger, “Asymptotic Symmetries of Yang-Mills Theory,” JHEP 1407, 151 (2014)
doi:10.1007/JHEP07(2014)151 [arXiv:1308.0589 [hep-th]].
[6] A. Strominger, “On BMS Invariance of Gravitational Scattering,” JHEP 1407, 152
(2014) doi:10.1007/JHEP07(2014)152 [arXiv:1312.2229 [hep-th]].
[7] T. He, V. Lysov, P. Mitra and A. Strominger, “BMS supertranslations and Wein-
berg’s soft graviton theorem,” JHEP 1505, 151 (2015) doi:10.1007/JHEP05(2015)151
[arXiv:1401.7026 [hep-th]].
[8] A. P. Balachandran, S. Kurkcuoglu, A. R. de Queiroz and S. Vaidya, “Spontaneous
Lorentz Violation: The Case of Infrared QED,” Eur. Phys. J. C 75, no. 2, 89 (2015)
doi:10.1140/epjc/s10052-015-3305-0 [arXiv:1406.5845 [hep-th]].
21
[9] S. W. Hawking, M. J. Perry and A. Strominger, “Soft Hair on Black Holes,”
Phys. Rev. Lett. 116, no. 23, 231301 (2016) doi:10.1103/PhysRevLett.116.231301
[arXiv:1601.00921 [hep-th]].
[10] P. P. Kulish and L. D. Faddeev, “Asymptotic conditions and infrared divergences in
quantum electrodynamics,” Theor. Math. Phys. 4, 745 (1970) [Teor. Mat. Fiz. 4, 153
(1970)].
[11] M. Mirbabayi and M. Porrati, “Shaving off Black Hole Soft Hair,” arXiv:1607.03120
[hep-th].
[12] V. Chung, “Infrared Divergence in Quantum Electrodynamics,” Phys. Rev. 140, B1110
(1965). doi:10.1103/PhysRev.140.B1110
[13] T. W. B. Kibble, “Coherent soft-photon states and infrared divergences. ii.
mass-shell singularities of green’s functions,” Phys. Rev. 173, 1527 (1968).
doi:10.1103/PhysRev.173.1527
doi:10.1007/BF01066485
[14] E. Bagan, M. Lavelle and D. McMullan, ”Charges from dressed matter: Construction,”
Annals Phys. 282, 471 (2000) [hep-ph/9909257].
[15] L. Susskind, “Electromagnetic Memory,” arXiv:1507.02584 [hep-th].
[16] S. Pasterski, A. Strominger and A. Zhiboedov, “New Gravitational Memories,”
arXiv:1502.06120 [hep-th].
[17] J. Ware, R. Saotome and R. Akhoury, “Construction of an asymptotic S matrix for
perturbative quantum gravity,” JHEP 1310, 159 (2013) doi:10.1007/JHEP10(2013)159
[arXiv:1308.6285 [hep-th]].
[18] F. Cachazo and E. Y. Yuan, “Are Soft Theorems Renormalized?,” arXiv:1405.3413 [hep-
th].
22
